As the share of renewables in the grid increases, the operation of power systems becomes more challenging. The present paper proposes a method to formulate and solve chanceconstrained optimal power flow while explicitly considering the full nonlinear AC power flow equations and stochastic uncertainties. We use polynomial chaos expansion to model the effects of arbitrary uncertainties of finite variance, which enables to predict and optimize the system state for a range of operating conditions. We apply chance constraints to limit the probability of violations of inequality constraints. Our method incorporates a more detailed and a more flexible description of both the controllable variables and the resulting system state than previous methods. Two case studies highlight the efficacy of the method, with a focus on satisfaction of the AC power flow equations and on the accurate computation of moments of all random variables.
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I. INTRODUCTION
T HE share of electricity generated through renewable energy sources such as wind and solar is increasing across the world [1] . This trend renders the operation of power systems more uncertain and more variable, which in turn has implications on all aspects of power systems operation-prompting a need for new and improved methods for uncertainty-aware scheduling and control. The present paper addresses the issue of modelling and mitigating the impact of uncertainty in optimal power flow (OPF) problems. These problems constitute an essential building block in power system operational processes S. Misra is with the Los Alamos National Laboratory, Los Alamos, NM 87545 USA (e-mail: sidhant@lanl.gov).
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Digital Object Identifier 10.1109/TPWRS. 2019.2918363 such as market clearing [2] or security assessment [3] . Much of the existing literature has focused on modelling and solving stochastic optimization problems based on the DC power flow equations, including chance-constrained and robust versions of DC-OPF [4] - [8] . The increasing interest in using stochastic OPF in applications that require more detailed modelling of reactive power and voltage magnitudes, such as voltage control or distribution grid optimization, has inspired the development of methods that start from the full nonlinear AC power flow equations. Existing approaches include, e.g., chance constraints [9] - [14] , robust formulations [15] , [15] - [18] of OPF, and distributionally robust approaches [19] .
In the present paper, we consider the base-case OPF with uncertainty in the power injections, but without contingencies. This allows to first focus on the challenge of accurately addressing the impact of uncertainty for the full nonlinear AC power flow equations. Given this essential building block, it is possible in principle to develop more comprehensive problem formulations such as N-1 constraints (similar to the work on chance-constrained DC-OPF in [5] , [9] ). We choose to formulate the problem as a chance-constrained optimization, as the acceptable violation probability provides a natural and intuitive way for the operator to trade-off operational cost and security. A lower acceptable violation probability provides a more costly yet more robust solution. While the operators will typically choose a low acceptable violation probability in the base case, they may be willing to operate with higher acceptable violation probabilities for N-1 security constraints. The operators' risk preference also depends on the level of uncertainty, regulatory environments and the associated increase in operational cost, and can easily be adjusted in our framework.
The handling of the AC power flow constraints under stochastic nodal injections is notoriously difficult, because (i) it requires propagating uncertainties through a set of implicit nonlinear equations; and (ii) algorithms that provide probabilistic or robust guarantees for constraint satisfaction often exploit convexity of the underlying optimization problem, which is not true for AC-OPF. Existing methods have coped with these challenges differently. For example, [9] , [12] , [15] , [16] use convex relaxations of the power flow constraints, allowing to use established stochastic optimization algorithms. Since the relaxations expand the feasible space, the solutions are however not guaranteed to be feasible for the original chance-constrained or robust AC-OPF problem. In [18] , convex relaxations are used to provide a conservative estimate of the uncertainty impact, which guarantees robust constraint satisfaction, but sacrifices performance of the solution. The authors of [17] propose a robust AC-OPF based on convex inner approximations, however, the method requires controllable power injections at every node as it cannot satisfy the nodal power balance constraints with equality. Related approaches use a full or partial linearization of the AC power flow equations [13] , [14] , where the AC power flow constraints are linearized around an operating point and the problem is solved using methods similar to the approaches developed for the convex DC-OPF problem.
We propose a tractable formulation of chance-constrained AC-OPF which essentially satisfies the full nonlinear AC power flow equations for generic uncertainties of finite variance, without relying on samples, relaxations or linearizations. Our problem formulation is based on polynomial chaos expansion (PCE), a spectral method for random variables analogous to a "Fourier series for random variables" [20] . Polynomial chaos allows to propagate uncertainty from the inputs to the relevant quantities such as current flows and voltage magnitudes, while accounting for the full nonlinearity of AC power flow. The accuracy of PCE-based problem formulations as well as the computational tractability depends on the maximum degree of the underlying polynomial basis. Theoretically, an infinite degree is required to satisfy the AC power flow equations exactly. However, we show by means of experiments that the AC power flow equations can be satisfied to high numerical accuracy for all uncertainty realizations already with low maximum degrees of about two or three. Furthermore, PCE facilitates moment-based reformulations of chance constraints, since the moments of all random variables can be computed directly from the PCE representation. In contrast to existing methods, PCE requires no linearization or sampling for either the moment computation or the chanceconstrained formulation.
The primary advantage of PCE for stochastic OPF is its ability to accurately and efficiently handle equality constraints that involve random variables such as the full nonlinear AC power flow equations under uncertainty. At the same time PCE also helps enforcing inequality constraints using moment-based reformulations of chance constraints. While several alternatives have been explored in the literature to enforce inequality constraints under uncertainty-such as distributionally robust formulations where the uncertainty is modelled by a family of distributions that have matching (first two) moments [21] )-structured methods that enforce equality constraints involving random variables remain less studied. For example, [13] , [19] formulate chanceconstrained and distributionally robust chance-constrained versions of the AC-OPF, but the AC power flow equations are satisfied only for the expected value while deviations are modelled through a linearization. Polynomial chaos allows a more elegant approach to AC power flow.
Polynomial chaos has been applied previously to power system optimization. For stochastic OPF under the DC approximation it has been shown that PCE provides exact and tractable convex reformulations [8] , [22] . With AC equations, [23] , [24] apply polynomial chaos to formulate the problem. However, [23] considers only constraints for the expected values of generated powers, and [24] does neither account for voltage magnitude constraints nor for line limits. Recently, PCE has been applied to the multi-period AC-OPF problem under uncertainty in [25] ; a conic relaxation of the power flow equations is employed together with sparse regression to compute the PCE coefficients, based on the method from [23] . All works [23] - [25] lack a thorough probabilistic analysis of the satisfaction of the AC power flow equations, as well as a validation of the moments (mean and variance) of the power system state variables, such as line currents and bus voltages magnitudes. The present paper aims to close that gap. The contributions are as follows: (i) a framework to formulate chance-constrained AC-OPF using PCE as a one-shot optimization problem, accounting for voltage magnitude and current magnitude limits, but without relying on samples, relaxations or linearizations; (ii) investigation of AC power flow satisfaction for varying maximum degrees of the PCE basis; and (iii) validation of accuracy of moments, and comparison to linearized AC power flow. (iv) validation of empirical constraint satisfaction via in-and out-of-sample tests.
Paper organization: Section II discusses the power system model, the uncertainty model, and the chance-constrained OPF problem. Section III introduces PCE and its advantages for AC-OPF. Section IV applies PCE to chance-constrained OPF, and provides a tractable reformulation. The case studies (for a 5-and 30-bus system) from Section V demonstrate the efficacy of the proposed approach.
II. PROBLEM FORMULATION

A. Power System Model
Consider a connected N -bus electrical network represented by its set of bus indices N = {1, . . . , N}, and its set of line indices L ⊆ N × N . At each bus i ∈ N , we define the complex power s i = p i + jq i , where p i and q i are the net active power and reactive power respectively. The bus voltages are defined in rectangular coordinates, with v re i and v im i denoting the real and imaginary voltage components, respectively. The voltage magnitudes are given by
In steady state the electrical network is governed by the nonlinear AC power flow equations, here given in rectangular form,
for all buses i ∈ N . The matrix Y = G + jB ∈ C N ×N is the bus admittance matrix, which accounts for bus and line shunts as well as transformer tap ratios. For ease of presentation, the AC power flow equations (1) are written as a nonlinear system of algebraic equations g :
i for all buses i ∈ N . For simplicity of notation, we assume each bus i ∈ N connects to one controllable generation unit p g i and one uncontrollable power injection p u i , 1
B. Power System Model With Uncertainty
The power systems model (1)-(3) assumes a given and fixed set of power injections. However, power systems operation is influenced by uncertain factors such as fluctuations in temperature, wind speeds, or solar irradiation, which translate into uncertainty in system loading and renewable energy generation. In this paper, we differentiate between the exogenous drivers of the uncertainty, such as temperature or solar irradiation, and other random quantities that are functions of these exogenous drivers, such as load or solar PV production. The exogenous drivers are modelled through a generic random vector ω = [ω 1 , . . . , ω N ω ] with N ω ∈ N, and a corresponding set of possible realizations Ω ⊂ R N ω . This random vector ω is referred to as the stochastic germ. To account for uncertainty in the AC power flow equations, the uncontrollable power injections p u i and/or q u i at bus i ∈ N are modelled as random variables that are (known) functions of the stochastic germ ω
In our notation, sans-serif variables such as p u i , q u i represent random variables. Realizations of these random variables for a given outcome ω ∈ Ω are written as p u i (ω) or q u i (ω) to emphasize the functional dependency on the stochastic germ ω, although often p u , q u will be used for compactness of notation. The size N ω of the stochastic germ ω might be significantly lower than the size N of the uncertainties p u , or q u . For example, consider temperature as a driver of load uncertainty: If a region is hit by a cold spell or a particularly hot day, the variation in temperature tends to affect many loads in the region, albeit to different degrees.
In the following we assume that all occurring random variables have finite variance
where V [·] denotes the variance. This assumption holds in the context of power systems operations, since all quantities are bounded by practical limits such as installed power capacity.
The assumption (4b) allows us to handle fairly general cases without imposing any restrictive assumptions on the uncertainty distributions, for example Gaussian. A consequence of the uncertainty model (4) is that all variables describing the network (p, q, v re , v im ) become random vectors (p(ω), q(ω), v re (ω), v im (ω)). In other words, different realizations ω ∈ Ω define different realizations of the uncertain injections (p u i (ω), q u i (ω)) according to the model (4). This again leads to different realizations of the net active/reactive powers (p(ω), q(ω)) and voltages (v re (ω), v im (ω)), consistent with the system behavior described by the AC power flow equations (2) . Put differently, the uncertainties (p u (ω), q u (ω)) are propagated through the power flow equations (2)
The random variables in (5) are defined by the AC power flow ∀ω ∈ Ω :
The set of equations (6) can be interpreted as a system of nonlinear algebraic equations in terms of random variables. The formulation (6) requires the AC power flow equations to hold for arbitrary uncertainty realizations ω. The challenge of modelling the behavior of the nonlinear system and enforcing the AC power flow equations under uncertainty is a key aspect addressed in this paper.
C. Chance-Constrained Optimal Power Flow
In our formulation the goal of chance-constrained OPF (CC-OPF) is to minimize the expected cost of generation, while satisfying the AC power flow equations for any realization of uncertainty and while guaranteeing that engineering constraints such as voltage magnitude and line current limits will hold up to a pre-specified probability, i.e.
Problem (7) minimizes the expected cost of active power generation (7a). Constraints (7b), (7c) are the power flow equations in terms of random variables, see (6) ; in other words, the AC power flow equalities hold for all realizations of the uncertainties. We consider technical limits on the generator active power p g i and reactive power q g i , as well as constraints on the voltage magnitudes v i in (7d), (7e), and line current magnitudes i i-j in (7f). 2 These constraints are enforced as chance constraints with respective acceptable violation probabilities ε p , ε q , ε v , ε i ∈ [0, 1]. The voltage angle reference is set to zero for all realizations of the uncertainty by (7g). An implicit assumption in this paper is that there exists a (high-voltage) solution of the power flow equations for all uncertainty realizations, and that (7b), (7c) models this (high-voltage) solution. Further, we observe that the generation dispatch will change as a function of the uncertainty realization, giving rise to an infinite number of variables in formulation (7) . While we discuss how we obtain a finite dimensional representation of the optimization problem, the formulation applied in this paper does not assume any particular form of generator response. Specifically, it is not limited to, e.g., automatic generation control or other common affine control policies [4] . We note that the explicit consideration of N-1 security constraints is beyond the scope of the present paper. For a discussion of challenges associated with these constraints, we refer to [13] . 2 Based on the complex line current from line i to line j which is i i−j = y ij (e i − e j ) + jb sh ij e i with the complex voltages e i , e j , branch admittance y ij , and shunt susceptance b sh ij .
D. Solution Approach
In its present form Problem (7) seems intractable owing to infinite-dimensional decision variables, infinite-dimensional equality constraints, and chance constraints that are numerically challenging to evaluate. We tackle these challenges by expanding all random variables appearing in Problem (7), using a polynomial basis that is orthogonal with respect to the probability measure P . This approach is called polynomial chaos expansion (PCE) [20] , [26] . Polynomial chaos allows to reduce the infinitedimensional constraints in (7) to a set of algebraic equations in the coefficients of the basis polynomials (so-called Galerkin projection [20] , [26] ). This way, the infinite-dimensional constraints can be satisfied up to arbitrary numerical accuracy by choosing an appropriately large degree of the polynomial basis, thus bypassing the need for linear approximations, restrictive assumptions on the uncertainty, and/or Monte-Carlo simulations. Furthermore, polynomial chaos also allows to compute moments of random variables efficiently without having to sample. Thus, it allows to formulate the tasks of uncertainty propagation, moment computation, and optimization elegantly as a single problem; i.e. we reformulate (7) as a one-shot finite-dimensional optimization problem.
III. INTRODUCTION TO POLYNOMIAL CHAOS EXPANSION
This section gives a brief overview of polynomial chaos expansion, focusing on its advantages for CC-OPF. Clearly, the heregiven introduction to PCE is non-exhaustive; we refer to [20] , [26] for a more detailed treatment.
A. Polynomial Chaos Expansion
Polynomial chaos is a Hilbert space method for random variables that allows a structured representation of uncertainties in terms of deterministic, so-called PCE coefficients. Consider N ω independent random variables ω i of finite variance for i = 1, . . . , N ω . The random vector ω ∼ = [ω 1 , . . . , ω N ω ] is called the stochastic germ. Consider the N ω -variate polynomials {ψ k } ∞ k=0 that are orthogonal with respect to the probability measure P (ω), such that
for all , k ∈ N 0 . In (8) the scalar γ is positive, and δ k is the Kronecker-delta. Notice that every polynomial ψ k = ψ k (ω) is itself a random variable. The orthogonal polynomials are indexed such that their degrees are non-decreasing. We define ψ 0 = 1 as the zero-order polynomial. Polynomial chaos expansion allows any real-valued random variable of finite variance that is a function of the stochastic germ ω to be expressed as a linear combination of the orthogonal polynomials {ψ k } ∞ k=0 . Specifically, the PCE of the random variablex is given bŷ
The scalars x k are the so-called PCE coefficients. 3 For numerical implementations the infinite sum (9a) is truncated after K + 1 ∈ N terms. In this case, we obtain an approximation x of the original random variablex,
The truncation error x − x is orthogonal to x and decays to zero for K → ∞ in the induced norm · , see [20] , [26] .
B. Uncertainty Propagation and Moment Computation
We describe how PCE can be used to (i) propagate uncertainties through (nonlinear) equations, and to (ii) compute moments of output variables.
1) Uncertainty Propagation: Consider a given random vector x that is mapped to the random vector y according to h(x, y) = 0. If the PCE coefficients x k of x are known, the coefficients y k of y can be determined by Galerkin projection; i.e. by projecting onto all basis functions ψ j [20] , [26] ∀j
Hence, the Galerkin projection (11) allows to solve the stochastic problem h(x, y) = 0 by means of (K+1) deterministic and tractable relations h j (·). The projection error attains a minimum in the induced norm · and decays to zero for K → ∞ [20] , [26] .
2) Computation of Moments: The moments of a random variable x can be expressed as deterministic functions of the PCE coefficients x k . For example, the expectation E[x] and the standard deviation σ[x] are
which follows from orthogonality of the basis according to (8) .
C. Construction of Polynomial Basis
For each component ω i of the stochastic germ ω, let {ψ
be the univariate basis of orthogonal polynomials ψ
Then the multivariate PCE basis with respect to the combined stochastic germ ω ∼ = [ω 1 , . . . , ω N ω ] of maximum degree N d is given by
Notice that the dimension of the multivariate basis {ψ k } K k=0 is given by
To better explain how a multivariate basis is constructed from a set of univariate bases, we provide a simple example.
Example 1 (Bivariate basis of degree at most 2): Consider a bivariate stochastic germ ω with N ω = 2. For each ω i let the respective univariate basis {ψ
Each univariate basis has dimension K i + 1 = 3 such that {ψ
2 }, and {ψ
1 , ψ
2 }, from which the bivariate basis of degree at most N d = 2 is constructed as
Hence K = 5, which is in accordance with (13) .
It is desirable to choose a PCE basis that allows an exact representation of a random variable at a low polynomial degree N d , as the dimension (K+1)-and hence the computational burden-grows rapidly with the degree N d . For several univariate continuous random variables the corresponding orthogonal bases are well known and can be used off-the-shelf. For example, Hermite polynomials correspond to Gaussian distributions, Jacobi polynomials to Beta distributions, Laguerre polynomials to Gamma distributions [20] . These random variables admit an exact univariate PCE with a basis of maximum degree N d = 1 in the respective bases of dimension K+1 = 2. In other words, random variables that follow Gaussian/Beta/Gamma distributions require only two PCE coefficients to be modelled exactly, i.e. there is no error in (10) . In case the random variable is not Gaussian/Beta/Gamma, but reasonably similar, the respective bases may still be used at the expense of having to add higherorder coefficients. For arbitrary random variables of finite variance it is still possible to find the orthogonal basis such that two PCE coefficients suffice to model the uncertainty exactly. Mathematically, this amounts to constructing polynomials that are orthogonal with respect to the probability density that describes the uncertainty. This procedure is applicable to both discrete and continuous densities [26] . If the uncertainty is instead described in terms of samples (for example historical data samples), one can proceed by first fitting a density function to the data points. Subsequently, the basis can be constructed either through Gram-Schmidt orthogonalization, the Stieltjes procedure, or the Chebyshev algorithm [27] .
IV. CHANCE-CONSTRAINED OPF USING PCE
Having introduced CC-OPF in Section II, and PCE in Section III, we now reformulate the CC-OPF Problem (7) as a one-shot optimization problem, namely Problem (22) .
1) Power Injection Uncertainty via PCE: As seen in Section III, a continuous random variable can be represented in terms of its deterministic PCE coefficients. Given a polynomial basis {ψ k } k∈K with K = {0, . . . , K} that is orthogonal with respect to the probability measure P (ω), we can represent the nodal power injection uncertainty from (4) by
where p u , q u may follow any distribution with finite variance.
2) Uncertainty Propagation for AC Power Flow: As described in Section II-A, uncertainty in power injections leads to all network variables (p, q, v re , v im ) behaving as N -valued random vectors (p, q, v re , v im ). We hence model all the network variables using PCE in a common multivariate basis, (15) where x k is the kth PCE coefficient of the variable x, while the basis polynomials {ψ k } k∈K are the same for all variables. Characterizing all the network random variables involves uncertainty propagation through the nonlinear AC power flow equations, which is in general challenging. As described in Section III-B1 it is a main advantage of PCE that it allows to perform this task efficiently using Galerkin projection. The Galerkin projection (11) applied to the linear equality constraints (7c) and (7g) is straightforward,
Notice that the Galerkin projections (16) are exact, i.e., the projection errors are zero. Finally, Galerkin projection is applied to the AC power flow equations (7b), following the approach in [23] . The resulting 2N (K+1) deterministic equations are listed in Table I . The Galerkin-projected power flow remains structurally equivalent to deterministic power flow from (1), i.e. the equations are quadratic in the real/imaginary parts of the bus voltages and their sparsity pattern is preserved. The scalar products ψ k 1 ψ k 2 , ψ k from Table I can be computed offline using Gauss quadrature. As described in Section III-A, truncating the PCE at finite K incurs a truncation error. 4 The error can be made as small as desired (see description below (10)) by increasing K at the cost of increased computational burden. However, as demonstrated in the case studies (Section V), low maximum degrees and hence low PCE dimensions suffice to satisfy the power flow equations to a practical level of accuracy.
3) Cost Function: We consider convex quadratic costs
with c 2,i > 0 for every bus i ∈ N . The expected cost E[f i (p g i )] per bus from (7a) written in terms of PCE coefficients becomes
with γ k = ψ k , ψ k . Notice that the cost functionf i (p g i,k ) remains quadratic, but with respect to the PCE coefficients.
4) Chance Constraint Representation:
We reformulate the chance constraints (7d)-(7f) based on information about their first two moments [13] , [28] , [29] . For example, the generation constraint in (7d) becomes
where λ(ε p ) > 0 is chosen based on knowledge about the random variable p g i . For example, in case p g i is Gaussian, the reformulation (19) is exact with λ(ε p ) = λ Φ (ε p ) := Φ −1 (1−ε p ), where Φ(·) is the cumulative distribution function of a standard Gaussian [5] , [6] . Owing to the nonlinearity of the AC power flow, (7) are, however, non-Gaussian in general. Regardless, the distribution of those variables is often close to a Gaussian in practice. This is due to a concentration phenomenon similar to the central limit theorem [28] , [30] , making λ Φ a good heuristic that we employ in the following [13] . In case the Gaussian heuristic is unsatisfactory, other choices of λ can be used to enforce distributionally robust chance constraints in terms of a moment-based ambiguity set. As these choices require weaker assumptions (such as symmetry and/or unimodality of the distribution) they become more conservative [28] , [29] . Alternatively, the parameter λ can be chosen numerically via cross-validation or through online adaptive methods [31] .
The moment-based reformulation (19) is particularly suitable with PCE as moments can be directly obtained from the PCE coefficients, see (12) . Thus, constraint (19) becomes
The reformulation of the other chance constraints for the generator reactive powers (7d)/(7e) follows the same procedure. The chance constraints for voltage magnitudes v i (7d)/(7e) and line current magnitudes i i−j (7f) are replaced by constraints on their squared magnitudes and the corresponding first and second moment. The magnitude chance constraints become
The expressions for the moments are given in Table I . The reason for using the moment-based reformulation on v 2 i and i 2 i-j instead of v i and i i-j is that for the former, the moments can be obtained directly as an analytic function of the moments of v re and v im (Table I) , whereas for the latter, obtaining the moments will require additional equality constraints.
5) Tractable Reformulation:
The reformulations (15)-(21) allow to cast the chance-constrained OPF (7) as a finitedimensional nonlinear program (NLP) with the PCE coefficients as decision variables
Galerkin-projected power flow from Table I 
The solution to Problem (22) allows for straightforward aposteriori uncertainty propagation by means of a simple function evaluation, see (5) . This can be used, e.g. to determine appropriate generator set-points. That is, let ω be the realization of the uncertainty, then with PCE a-posteriori uncertainty propagation (5) becomes
where the superscript (·) denotes the solution to (22) . To evaluate (23) means to evaluate the basis polynomials ψ k at the realization ω, and then to multiply by the PCE coefficients-which is computationally cheap.
V. CASE STUDIES
Next, we demonstrate the practicability and advantages of PCE for stochastic optimal power flow. In particular we study the numerical accuracy of the AC power flow equations for varying maximum degrees; the accuracy of the moments; the empirical violation probability of selected inequality constraints both for in-sample and out-of-sample tests; and the shape of the generation policies.
In the case studies all numbers are given in per-unit (p.u.) for a base MVA of 100. Simulations were carried out on a standard desktop computer with 16 GB RAM and an i7-4770 CPU, and implemented in Julia using JuMP with Ipopt as NLP solver. We initialized the NLP (22) as follows. The zero-order PCE coefficients were set equal to the solution of the deterministic OPF problem with the uncertainties set to their expected values, while the higher-order coefficients were set to zero. The solution of the deterministic OPF also provided an initial guess for the active set of (22) . To improve computational tractability, we applied a constraint generation method to solve the NLP. First, we solve the NLP including only the constraints that were active for the deterministic problem. Second, we check a posteriori whether the obtained solution satisfies all constraints. If a constraint is violated, we add the violated constraint to the problem, and solve the NLP again. 
A. Satisfaction of AC Power Flow Constraints
As described in Section IV-2, there is a trade-off between the accuracy of AC power flow satisfaction and the PCE dimension (K+1), which dictates the computational complexity. Since keeping the order K low is desirable, we investigate what is the smallest PCE degree that is sufficient for the AC power flow constraints to be satisfied up to a practical level of accuracy. These tests are performed on the 5-bus and 30-bus test case.
1) 5-Bus Test Case:
We consider a modified version of the 5-bus test from [32] , shown in Figure 1(a) . We neglect the shunt elements, consider a quadratic cost function, and assume that the voltage magnitude at the slack bus 4 is constant at one. The line current limits are set equal to the per-unit MVA ratings. Other relevant parameters are summarized in Table II. The active power demand at bus 2 is uncertain and follows a Beta distribution with support Figure 1(b) . Since the uncertainty is one-dimensional, the stochastic germ is equal to ω∼B([0, 1], 2, 2), and the Jacobi polynomials provide the corresponding orthogonal basis [20] . For the chance constraints, we enforce ε = ε p = ε q = ε v = ε i = 0.1, and we set the inequality constraint parameter to λ(ε) = λ Φ (ε) = 1.2816, see Section IV-4.
We consider a single univariate source of uncertainty. Hence, the dimension and the maximum degree of the basis are linked by K+1 = N d +1, implying that the number of constraints grows linearly with the maximum degree N d . We draw 10 000 realizations of the uncertainty, and for each realization we compute the values of all remaining variables based on (23) . To quantify the error in the AC power flow satisfaction, we compute the ∞-norm of (2) for these realizations, and compare it against its ideal value of zero. The relative probability of g(·) ∞ is shown in Figure 2, where the different lines correspond to different maximum degrees N d of the polynomial basis. As expected, a larger maximum degree N d -hence a larger PCE dimension-leads to lower maximum AC power flow violations. There is a sharp decrease in the power flow inaccuracies from N d = 1, with errors between 1 E-3 and 2 E-3, to N d = 2 with errors approximately at 4 E-4. Further increases in the degree decrease the error even more, but not considerably. The order of PCE necessary for sufficient accuracy depends on the effective nonlinearity in the power flow equations. For example, in case of DC power flow, it is known that PCE with degree N d = 1 is exact [8] . The fact that in our experiments a PCE basis of degree 2 has a small error shows that a degree of 2 is enough to capture the level of nonlinearity of the AC power flow equations for typical levels of uncertainty. The solution times for the NLP (22) are 0.45 s, 0.84 s, 0.67 s, 2.6 s for maximum degrees 1, 2, 3, 4.
2) 30-Bus Test Case: We consider a modified version of the 30-bus test case [32] . The shunt elements are neglected for simplicity, and the voltage magnitude at slack bus 1 is assumed constant at one. The line current limits are set to the nominal values of the per-unit line ratings, except for two lines where the capacity is reduced from 16 to, i max 15-23 = 11, and i max 25-27 = 12. Reducing the capacity on those two lines makes for a more interesting case, as several line current limits become binding.
We introduce a stochastic germ ω comprised of four distinct sources of uncertainty, two Beta distributions (one symmetric, one non-symmetric) and two normal distributions as described in Table VI . The stochastic germ ω is used to represent load uncertainty at six buses i ∈ U = {2, 3, 4, 24, 10, 21}, as listed in the last column of Table VI . For each bus i ∈ U, the uncertain load is modelled as
nom i is the nominal value of the active power demand taken from the case file [32] , and the relative standard deviation s > 0 describes the standard deviation as a fraction of the nominal load.
First, we fix the relative standard deviation s = 0.15 and the risk level ε = 0.15. We verify the satisfaction of the power flow equations for varying maximum degrees N d ∈ {1, 2, 3}, according to the procedure from the 5-bus test case. Due to space constraints we provide only the maximum power flow violation across all samples in Table III. Graphically this corresponds to  TABLE IV  ERROR IN THE COMPUTED MOMENTS FOR THE PCE METHOD (PCE) AND THE LINEARIZATION METHOD (LIN) FOR 30-BUS SYSTEM the right-most value in Figure 2 of every plotted line. Table III supports the findings from the 5-bus system-increasing the degree leads to higher accuracy of the power flow equations and degree 2 provides sufficient accuracy in practice. Notice that overall the power flow equations are more accurate for the 30bus system compared to the 5-bus system. As the 5-bus system is more meshed, the effect of the uncertainty is greater there-even though there is just a single source of uncertainty.
B. In-Sample Tests
In this section we investigate the capability of PCE to reduce the constraint violation probability to below an acceptable level. Since our chance constraint reformulation is based on the first and second moments of the uncertainty, we first assess their accuracy when computed with PCE. We then assess the ability of the method to limit the level of constraint violations.
1) Accuracy of Moment Computation: The quality of the moments is essential for the reformulations of the chance constraints, which is evident from (19) and (21) . We compare the accuracy of the PCE-based moments with moments obtained from the full nonlinear AC power flow equations, and a linearized version of the AC power flow equations used in the literature [13] . The variables in the AC power flow equations are divided into independent variables-real and imaginary voltage at the slack bus, active power and voltage magnitude at the PV buses and real and reactive power injection at the PQ buses-and dependent variables, which consist of the rest. Each realization of the uncertainty ω fully specifies the independent variables: the real and reactive power consumption of the uncertain loads are determined by ω, and the active power and voltage magnitude at the PV buses are adjusted according to the control policy given by (23) .
For the 30-bus test case and a maximum degree of N d = 2, we compare three sets of moments: (i) The PCE moments (E[·] PCE , σ[·] PCE ) obtained directly from (12) . If sufficiently many samples are used in the Monte Carlo simulations, the moments obtained from the full AC equations (E[·] AC , σ[·] AC ) can be considered as ground truth. The quality of the PCE and linearization is given by the ∞-norm of the error relative to the AC solution. For the active power we compute the error by comparing the expected value via PCE to the expected value via the full AC power flow as
The error in the standard deviation σ for the PCE method, as well as the expected value and standard deviation for the linearization method are evaluated analogously. Table IV summarizes the results for varying relative standard deviations s of the load, and for a total of 10 000 Monte Carlo samples of the full AC power flow. We observe that PCE performs significantly better than the linearized power flow, with PCE giving errors that are orders of magnitude smaller. We observe that PCE errors (≈1 E-5) are also small relative to the reference values in the last row of Table IV , implying that PCE is quite accurate for all considered values of the relative standard deviation s. Table IV also shows that the reactive power behaves more nonlinearly than the active power, leading to larger errors in the reactive power estimation for the linearized power flow. Particularly the mean values are poorly estimated. Since the accuracy of the reformulated chance constraints requires accuracy in both mean and standard deviation, PCE is expected to be superior in enforcing chance constraints compared to the linearized AC power flow.
2) Chance Constraint Satisfaction: Next, we investigate how the maximum degree N d affects constraint satisfaction. Table V summarizes the results for maximum degrees N d ∈ {1, 2}, considering relative standard deviations s ∈ {0.10, 0.15} and violation probabilities ε ∈{0.05, 0.10, 0.15}. The empirical constraint satisfaction is computed from 10 000 samples, evaluated using the full AC power flow equations. From Table V we observe that for both N d = 1 and N d = 2 there are no significant violations of the chance constraints, i.e., the empirical constraint satisfaction is close to the specified level 1−ε. There are several smaller inaccuracies i the enforcement of the chance constraints that may be attributed to the uncertainty being non-Gaussian, however, this effect appears to be small. The empirical constraint satisfaction for the two maximum degrees N d = 1 and N d = 2 is similar, although N d = 1 yields slightly lower constraint satisfaction compared to N d = 2. This may be because for N d = 1 we are not able to capture the skewness of the distributions as well as for a maximum degree N d = 2. with our results in Section V-A, the expected power flow violation for the maximum degree N d = 1 is considerably larger compared to N d = 2, e.g. 0.1502 E-3 vs. 0.0042 E-3 for the relative standard deviation s = 0.15 and the violation probability ε = 0.05. To summarize, a higher maximum degree N d ensures more accurate satisfaction of the power flow equations and of the chance constraints.
C. Out-of-Sample Tests
Since it is hard to obtain accurate estimates of the probability distributions in practical applications, we are also interested in understanding the out-of-sample performance of the method. To assess the out-of-sample performance, we test the solution of (22) against distributions that are different from what we assumed when solving (22) . In the following, we will refer to the uncertainty assumed within (22) as modelled uncertainty, and to the uncertainty we test against as actual uncertainty. We compute the solution of (22) for the stochastic germ from Table VI with a relative standard deviation s = 0.15 and a risk level ε = 0.15, and for varying maximum degrees N d ∈ {1, 2, 3}. Each of these three solutions-which have the same modelled uncertainty but vary in the maximum polynomial degree-is tested against two different actual uncertainties with respect to AC power flow and chance constraint satisfaction.
1) Correct Distribution-Inaccurate Standard Deviations: First, we perform out-of-sample test where the actual uncertainty belong to the same family of distributions as the modelled uncertainty (see Table VI ), but where we have an inaccurate estimate of the standard deviations. In this case, the actual uncertainties still follow Beta and Normal distributions, but we scale the relative standard deviation of the actual uncertainty, such that we have three standard deviations {0.5s, s, 1.5s}, which are smaller, the same and larger than the assumed standard deviation. We include the case for which the actual uncertainty is equivalent to the modelled uncertainty to have a means of comparison.
The left plot of Figure 3 shows the maximum power flow violation among 10 000 samples for varying maximum degrees For the same value of the relative standard deviation s the AC power flow satisfaction reduces greatly as the maximum degree increases. This is consistent with the results from Section V-A. On the other hand, the accuracy of the power flow equations appears fairly insensitive to inaccuracies in the standard deviation s. For example, for the maximum degree N d = 2 the maximum power flow error is in the range of 1 E-6 for all values of the relative standard deviation s.
The variation of the empirical chance constraint satisfaction for different standard deviations is shown in the right plot of Figure 3 for the upper branch flow limit of the line connecting buses 21 and 22. We observe that empirical constraint satisfaction decreases with increasing values of s. Conversely, the constraint satisfaction appears is not dependent on the maximum degree N d . It is not surprising that the empirical violation probability is sensitive to the inaccuracies in standard deviations, as the standard deviation enters directly into the expressions for the reformulated chance constraints. The increase in constraint satisfaction to more than 95% for 0.5s stems from the smaller support of the actual uncertainty relative to the modelled one. 5 On the other hand, positive perturbations such as 1.5s increase the support beyond what was assumed in the reformulation, hence constraint violations are more frequent.
2) Inaccurate Distributions -Correct Standard Deviation: In our second set of experiments, the actual uncertainty matches the first two moments of the modelled uncertainty, but the underlying family of distributions is different. We set the stochastic germ for the actual uncertainties to the uniform distribution ω j ∼ U([0, 1]) for j ∈ {1, 2, 3, 4} in the first experiment, and to the Beta distribution ω j ∼ B([0, 1], α, β) with shape parameters α = β = 3 for j∈{1, 2, 3, 4} in the second experiment. Both of these cases are compared to the case for which the actual uncertainty matches the modelled uncertainty.
The left plot of Figure 4 shows the maximum power flow violation for varying maximum degrees N d ∈ {1, 2, 3} for the three different actual uncertainties. The exactness of the AC power flow still decreases with increasing the maximum degree, but the decrease is not as significant as the decrease seen in Figure 3 . The empirical constraint satisfaction, however, still seems fairly insensitive to the maximum degree, although the desired level of 1 − ε = 0.85% is met only for the case in which actual and modelled uncertainty coincide.
Based on the in-sample and out-of-sample tests we draw the following conclusions: (i) Increasing the maximum degree N d leads to more accurate AC power flow, with N d = 2 giving a good trade-off between exactness and computational overhead. The accuracy remains sufficiently high even when the actual distribution is different from the modelled distribution. We also conclude that the accuracy is more sensitive to estimation errors related to the family of distribution rather than to the parameters of the distribution. (ii) The chance constraints are satisfied almost to the same extent irrespective of the maximum degree N d . It is much less sensitive to the PCE degree than it is to errors in the estimated distribution.
D. Generation Policies
The solution to the PCE provides a generation control policy which can be evaluated for any realization of uncertainty to provide guidance on how to redispatch generators in a economically efficient and safe manner. The PCE generator policies for active and reactive power obtained for the 5-bus test case, see Section V-A1, are shown in Figure 5 for maximum degrees N d ∈ {2, 3}. The modelled uncertainty follows the Beta distribution from Figure 1(b) .
We observe that all policies from Figure 5 are non-affine, and that the policies obtained with N d = 3 are more curved. The policies show a significant curvature around p d 2 = 1.1 for active power and p d 2 = 1.7, for reactive power, which happens to be the point where an inequality constraint becomes binding. Overall, the reactive power policies have higher curvature than the active power policies owing to stronger nonlinear behavior of reactive power. We also observe that the upper generation limit p max g,3 = 4.3 can be violated by the policy. However, this will be sufficiently unlikely to happen to not exceed the acceptable chance constraint violation probability.
VI. CONCLUSION AND OUTLOOK
The present paper proposes a tractable reformulation of chance-constrained AC-OPF using polynomial chaos expansion (PCE). PCE allows to consider the full AC power flow equations, and it facilitates moment-based reformulations of chance constraints. The presented approach requires neither sampling, linearizations nor relaxations. The efficacy of the approach is demonstrated for a 5-bus and a 30-bus system. Our results indicate that a maximum degree N d = 2 for the orthogonal basis provides sufficiently accurate solutions to the AC power flow under uncertainty, at a manageable computational cost.
In future work, we will investigate the connection between PCE-based solutions and established control policies such as AGC, AVR. We would also like to address the question of different cost functions, including reactive power or risk-averse minimization of cost variance. To address scalability to larger power grids, we will investigate tailored algorithms to solve the reformulated optimization problem by, e.g., exploiting the sparsity of the nonlinear program. Basis-adaptive sparse polynomial chaos should be investigated [33] , where, starting from a low-dimensional basis, basis polynomials are added only when they are truly needed. Moreover, the effect of adding higher moments to the reformulated chance constraints could provide better reformulations. It would also be interesting to investigate how PCE relates to distributionally robust chance constraints, perhaps merging the advantages of both approaches. Finally, N − 1 security constraints could be incorporated.
